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The first instant of time 7 when singularities occur is called a blow up time. By defi-

nition, zo = (xo, to) is a regular point of v if it is essentially bounded in a nonempty
parabolic ball with the center at the point zo.! The point z i$ singular if it is not regular.
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Definition 3.1 (Leray solution) A vector field u € QM, R x [0, 00)) is called
a Leray solution to Navier-Stokes equations ata u if it satisfies:

. |M|2 d R2
1) esSSupg<; g2 SUPy,ecR3 fBR(xo) 5-(x,1)dx +sup, cg3 fo x

fBR(XO) |Vu|?dxdt < oo, and

R? o
lim / [u|*(x, H)ydxdt = 0, >4
Ixol=00Jo  JBr(xo) con v

for any R < oo.
(i) for some distribution p in R3 x (0, 00), (u, p) verifies Navier Stokes
equations

u—Au+u-Vu+Vp=0 .3
divi =0 in R° x (0, 00), 3.1
in the sense of distributions and for any compact set K C R3,
lim;— 04 [|u (-, 1) —uollp2x) =0,
(iii) u is suitable in the sense of Caffarelli-Kohn-Nirenberg, more przcisely,
'd LA Q

the following local energy inequality holds: W C\‘
00 5 00 |u|2 |u|2
f / |Vul“¢(x, t)dxdt < f / — 09+ AP)+ —u-Vo
0 R3 0 R3 2 2

+ pu - Vedxdt (3.2)

any smooth ¢ > 0 with supp¢ € R> x The set of all Leray
solutions starting from u( will be denoted as NV (uq).
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Theorem 312 (Local Holdef regularity of Leray solutions) Let ug € L? (R?

loc
with SUP, g3 fBl(XO) |u|2(x)dx < < 0. Suppose uq is in C”(B2(0)) with

lluollcr (By0)) < M < oo. Then pheregxists a positive T =T (a,y, M) > 0,
such that any Leray solution u «m atisfies:

ue [})/ar(Bl/4 x [0, T]), and “u”(;gm(mx[o,y‘]) <CM,a,y). (3.12)
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ém&heormt ug € L7 (R?) with SUP,, <R3 fB](xo) lug|>(x)dx < o < 0.

‘/‘Stfpposévp'vﬂi L™ (B2(0)) with |[ug|lLm(By0) <M < 00 andm Let
us decompose' ug= u(l) + u(z) with div u(') =0, u(l)|34/3 =uy, suppu(l) € B(0)
and m m(Rd) = C (M, m). Let a be the locally in fime defined mild solution
to with initial data ul. Then there exists a positive
T =T(a,m, M) > 0, such that any Leray solution u € N (ug) satisfies: u —
ac Cf)/ar(Bl/z x [0, T)), and ||lu — a”CKar(W/zX[O,T]) <C(M,m,a), for some
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\Uell( B, (o)) EM L

2.1




pS
(A0

E—VQ:?!\Jm'—Le’, ’@‘
32V —aV + a VY + oiv V)4 V-7 4 7vYg =0

]l{ div V =0
Theorem_ﬁz (Improved e-regularity criteria) Let (V, %) be a suitable weak
solution to Eq. (2.1) in Qy, with a € L"(Q1), diva =0, |allzng,) < M,
for some M > 0 and m > 5. Then there exists €| = €;(m, M) > 0 with the

following properties: if

1/3 2/3
(][ |V|3dxa’t> +<][ |Q|3/2dxdr> <€,
01 01

then¥ is Holder continuous in Q12 with exponent a = a(m) > 0 and

IVlice, 1) < Clm, €1, M) = C(m, M). (2.22)
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Theorem_ﬂz (Improved e-regularity criteria) Let (V, @) be a suitable weak
solution to Eq. (2.1) in Qy, with a € L™(Q1), diva =0, |la|ln,) <M,
for some M > 0 and m > 5. Then there exists €, = €;(m, M) > 0 with the

following properties: if

4o, s B (0)
o MQI:%Q)W + (][Q | k£|3/2dxdt)2/3 i

then\{ is Holder continuous in Q1> with exponent a = a(m) > 0 and

o Koot l Wllcg, (01 < Clm, €1, M) = C(m, M). (2.22)
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Theorem I Let ug € L7 (R3) with SUP, e R3 fBl(XO) luo|?(x)dx < a < oo. (2_1_
Suppose ug is in L™ (B2(0)) with ||luollLm(By0y) <M < o0 and m > 3. Let 2,

us a’ecomposel uy = u(l) + u% with div u(l) =0, u(1)|34/3 =u, suppu(l) € B>(0)
and ||u(l]||Lm(R3) < C(M,m). Let a be the locally in time defined mild solution
to Navier-Stokes equations with initial data ué. Then there exists a positive
T =T (a,m, M) > 0, such that any Leray solution u € N (u) satisfies: u —
ae Cr}’/ar(m x [0, T)), and ||u — a Clu(Biax10.T]) <C(M,m,a), for some
y=y@m)e,1). \V4 (
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Wal Holder regularity of Leray solutions) Let ug € L,zo C(R3 )
with sup, cg3 fBI(X()) |u|2(x)dx <a < 0. Suppose uy is in CV (B2(0)) with
lluollcr (By0)) < M < oo. Then there exists a positive T =T (o, y, M) > 0,

such that any Leray solution u € N (ug) satisfies:

u € Cpar(Bi/a x [0.T1). and |ullcy, grixiory < C(M. . y). (3.12)

ua = u‘oi + u‘o" ,
div u}=0
sup(Ud) € Balo)
i
| we “CV( b)) € M <o -



